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In 1947 Grioli discovered that an asymmetric heavy rigid body moving about a fixed point
can perform a regular precession, which is the rotation of the body about an axis fixed in it,
while that axis precesses with the same uniform angular velocity about a non-vertical axis
fixed in space.
In the present note, we show that a magnetized asymmetric rigid body moving about a
fixed point while acted upon by uniform gravity and magnetic fields can perform a regular
precession about a horizontal axis fixed in space orthogonal to the magnetic field. This
motion does not contain Grioli's as a special case since the gravity and magnetic effects are
coupled and can vanish only simultaneously.
Copyright 2015, Mansoura University. Production and hosting by Elsevier B.V. This is an
open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/
by-nc-nd/4.0/).1. Introduction
1.1. Historical
The subject of rigid body dynamics is two and half centuries
old. It dates back to Euler, who introduced the basic notions
and studied the motion of the torque-free body [1] (1758).
Lagrange studied the case of an axi-symmetric body (top) in
the uniform gravity field [2] (1788). It was found later that both
cases of Euler and Lagrange have their general solutions as
elliptic functions of the time variable t. The equations of
motion are usually written in the form known as the
EulerePoisson equations and they admit three generalra University.
sity. Production and hosti
licenses/by-nc-nd/4.0/).integrals of motion: the total energy, the integral of areas and
the geometric integral. The integrability of those equations
requires the knowledge of a complementary (fourth) integral
of motion, independent of those three (see e.g. [4]).
A whole century elapsed after Lagrange's work before
Kowalevski found a third integrable case, now known after
her name [3] (1889). She isolated this case by an interesting
property: only in those three cases the general solution of the
equations ofmotion of the heavy rigid body about a fixed point
can be expressed for all initial conditions in terms of functions
that have no singularities other than poles in the complex
plane of the time variable t. She also found the complemen-
tary integral, which turned out to be, for the first time inng by Elsevier B.V. This is an open access article under the CC BY-
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components and constructed the explicit solution in ultra-
elliptic functions of time.
Goryachev and Chaplygin constructed the fourth integral
for one more case. This case is conditionally integrable,
i.e. integrable only on the zero level of the areas integral. This
dynamical conditionmeans that themotion is integrable only
when the angular momentum of the body lies permanently in
a horizontal plane. The conditional complementary integral
for this case is a cubic polynomial in the angular velocities and
explicit solution is expressed also in ultra-elliptic functions of
time (e.g. [4]).
Kowalevski's results created a great interest all along the
next century in exploring the deep relation between the
branching of the solution of equations of motion in the com-
plex t plane and algebraic integrability, i.e. existence of the
fourth integral as a polynomial or algebraic function of the
phase space. This research began with the works of Liouville,
Husson and Burgatti [6e8] and was culminated with results of
Kozlov and Ziglin [9e11]. In [10], it is shown that a meromor-
phic general integral of the equations of motion exists only in
the cases of Euler, Lagrange and Kowalevski; and a conditional
one only in the case of Goryachev and Chaplygin. For a review
of those and related results, see e.g. [5].
After Kowalevski, the interest in the problem has shifted to
the search for particular solutions of the equations of motion.
Those are solutions under any conditions on the initial state of
motion as well as on the distribution of mass in the body. The
search for particular solutions produced 11 solutions, which,
with the well-known motion of the body as a composite
pendulum complete the list of 12 cases shown in the following
Table 1:
For a detailed account of those cases see [25] or [26]. The
last of them was found in 1970. Some of those solutions were
generalized later through the addition of a gyrostatic moment
and new solutions for a gyrostat were found by several au-
thors: N.E.Zhoukovski, H.M.Yehia, L.N.Sretensky, D.N.Gor-
yachev, A.I.Dokshevich, L.M.Kovaleva, G.V.Mozalevskaya,
P.V.Kharlamov, E.I.Kharlamova. For the details see [25] and
references therein.
Hess' case had a wide generalization including a gyrostatic
moment and other potential and gyroscopic forces [27]. Gri-
oli's case was also generalized to include an additionalTable 1 e Known particular solvable cases of the classical prob
Case 1 2
Au. Pendulum motion Hess
Year e 1890
Ref. e [12]
Case 5 6
Au. Goryachev Steklov
Year 1899 1899
Ref. [18] [16]
Case 9 10
Au. Grioli Dokshevich
Year 1947 1965
Ref. [20] [21]parameter, which transforms it into a solvable case of the
dynamics of a rigid body by inertia in a fluid [28].
A direct, simple but very important generalization of the
problem described above is that of motion of a rigid body
under the action of a combination of two uniform fields. This
problem is characterized by two vectors, constant in space
which represent gravity and magnetic fields and two vectors,
constant in the body, describing the centre of mass and the
magnetic moment. The potential of this problem is a linear
function in all the direction cosines of the two fields with
respect to the body frame.
In spite of its practical importance, the problem of motion
of rigid body under the action of more than one uniform fields
has escaped attention for a long time. Despite the richness in
its structure, integrable cases of this problem are still rare. Till
now, none of the above results concerning properties of so-
lutions in the complex plane of time or the existence of alge-
braic integrals could be generalized to cover this problem. The
research in this problem was not carried out on a systematic
basis, and only scattered results exist.
Although the integrals of motion were found so early as in
1893 in amuchmore complicated problem ofmotion of a rigid
body influenced by the approximate Newtonian field of three
attraction centres non-coplanar with the fixed point [29], the
problem of motion of a rigid body influenced by constant
gravity and magnetic fields was considered almost a century
later, namely in 1984, by Bogoyavlensky [32]. He established
that for Kowalevski's configuration A ¼ B ¼ 2C; this problem is
Liouville integrable on a submanifold characterized by two
invariant relations of the second degree. In our notation, this
is equivalent to construction of a particular solution of the
equations of motion. Shortly later, in our work [33] of 1986, we
constructed a fourth-degree integral, which generalizes the
famous integral of Kowalevski for the classical problem of one
field by adding the second field and, simultaneously, attaching
a gyrostatic moment. One more integral was still lacking to
establish integrability in the new problem, since this problem
admits no cyclic integral in general. In the same work [33], we
isolated another integrable version of the problem with a cy-
clic integral corresponding to the sum (or difference) of the
two angles of precession and proper rotation. This version
does not stem out of Kowalevski's case, in the sense that it
does not include that case of one field as a particular case,lem (in chronological order).
3 4
Staude Bobylev-Steklov
1894 1896
[13] [14,15]
7 8
Chaplygin Kowalewski
1904 1908
[17] [19]
11 12
Konosevich-
Pozdnyakovich
Dokshevich
1968 1970
[22] [23]
e g y p t i a n j o u rn a l o f b a s i c a n d a p p l i e d s c i e n c e s 2 ( 2 0 1 5 ) 2 0 0e2 0 5202since the intensity of the two fields are equal and can vanish
only simultaneously. The next step in this problemwas taken
in [34] (1987), where the equations of motion were presented
in the form of a Lax pair and the lacking general comple-
mentary integral was found, for arbitrary fields intensities, as
a quadratic polynomial in the angular velocities. Together
with our quartic integral, the last integral completes the re-
quirements for integrability of the problem of motion of aa ¼ ðcosjcos4 cosqsinjsin4;cosjsin4 cosqsinjcos4; sinqsinjÞ
b ¼ ðsinjcos4þ cosqcosjsin4;sinjsin4þ cosqcosjcos4;sinqcosjÞ
g ¼ ðsinqsin4; sinqcos4; cosqÞ
(1)body with Kowalevski's configuration in two uniform fields.
Despite the fact that this integrable system has three degrees
of freedom and is not generally reduced to quadratures, all its
subsystems with two degrees of freedom were found and for
two of them separation of variables was obtained (elliptic and
hyperelliptic). For details see [35e38].
Two more general integrable cases were found in 1986. In
both cases the body is of spherical dynamical symmetry
(with three equal moments of inertia) and the potential is a
linear function in the direction cosines. The first case is
characterized by the presence of three quadratic integrals
[31] and the second by three linear integrals [33]. Existence of
other integrable cases is a matter of speculation and is in fact
an open question. With no integrable cases in view, the
search for particular solutions acquires great importance.
However, not much is done in this respect. In [39] the equi-
librium positions were classified and the stability of some
positions was investigated. Plane motions of the body as a
physical pendulum in two fields were also partially investi-
gated in [40].
In the present note we consider the possibility of regular
precessional motion of the rigid body about a fixed point in
the presence of two fields. That is the rotation of the body
with a constant angular velocity about an axis fixed in it,
while this axis precesses with the same angular velocity
about another axis fixed in space, keeping with it a fixed
angle p2. Motion of this type are usual for an axi-symmetric
heavy body in a single uniform gravity field (Lagrange's
top), with the axis of precession occupying the vertical po-
sition. But, as was firstly described by Grioli in 1947 [20], such
motion is still possible for an asymmetric (triaxial) body in a
single uniform gravity field. The axis of precession is inclined
to the vertical in this case at an angle that depends on the
moments of inertia [24].
The question whether the regular precessional motion is
possible in the presence of two fields was not considered. We
show here, on the example of uniform gravity and magnetic
fields, that this is really the case. The conditions on the fields
and on the parameters of the body are determined and explicit
solution of the equations of motion is given.
1.2. Equations of motion
Let a ¼ ða1;a2;a3Þ;b ¼ ðb1; b2;b3Þ;g ¼ ðg1;g2;g3Þ be the unit
vectors along the axes of the inertial system OXYZ and i; j;k bethe unit vectors along the axes of the system Oxyz, fixed in the
body and u ¼ ðp;q; rÞ the angular velocity of the body, all being
referred to the body system. The relative position of the two
systems will be specified by the Eulerian angles: j-the angle of
precession around theZ-axis, q -the angle of nutation between z
and Z, and 4 the angle of rotation of the body around the z-axis.
The variables can be expressed in terms of Euler's angles:
j; q;4. They have the form (e.g. the review book of Leimanis [4])and the angular velocity of the body
u ¼  _jsinqsin4þ _qcos4; _jsinqcos4 _qsin4; _jcosqþ _4 (2)
where dots denote derivative with respect to time.
Consider a heavy magnetized body of mass m and mag-
neticmoment m; inmotion about the fixed pointO;while acted
upon by uniform gravity and magnetic fields g ¼ ga and
H ¼ hb; respectively. To suppress the number of parameters in
the potential we normalize the fields so thatmg ¼ 1;h ¼ 1: The
potential of the problem can be written in the form
V ¼ r0,aþ m,b (3)
where r0 is the position vector of the centre of mass. In order
that the gravity andmagnetic effects cannot be reduced to one
effect, we assume that the vectors r0 and m are not parallel and
jr0jjmjs0.
Let I be the inertiamatrix of the body at the fixed pointwith
respect to the system of axes Oxyz fixed in the body. The
system of principal axes of inertia of the body is not the most
suitable for describing the regular precessionalmotion about a
non-vertical axis, so that we assume I in the form:
I ¼
0
@ A F EF B D
E D C
1
A (4)
The dynamical problem can be written in the form of
EulerePoisson equations
_uIþ uuI ¼ a r0 þ b m
_aþu a ¼ 0; _bþu b ¼ 0 (5)
We shall proceed to construct a simple solution for those
equations.2. The solution
The regular precession is most simply described as the proper
rotation of the body with a uniform angular velocity _4 ¼ U
about its z axis, which simultaneously precesses with the
same angular velocity _j ¼ U about the space axis Z keeping
with it a fixed angle q ¼ p2: Substituting the values
q ¼ p2; _q ¼ 0;j ¼ 4 ¼ Uðt t0Þ; _j ¼ _4 ¼ U; in (2) and (1), we obtain
for the angular velocity and the three unit vectors a;b;g the
following expressions:
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a ¼ ðcos2u;sin u cos u; sin u;
b ¼ ðsin u cos u;sin2u;cos u;
g ¼ ðsin u; cos u;0Þ
(7)
in which
u ¼ Uðt t0Þ (8)
and t0 is some initial moment of time.
Substituting the last expressions in (5) we note that two
Poisson equations are satisfied identically, while the dynam-
ical equations give three equations involving powers of trig-
onometric functions of u. The conditions that each coefficient
of the independent trigonometric terms must vanish lead to
the following single set of values of parameters:
U ¼ ±
ﬃﬃﬃﬃﬃ
m2
C
r
(9)
A ¼ B; F ¼ 0;
r0 ¼ m2

1;0; E
C

;m ¼ m2

0;1;D
C

(10)
The angular velocity U is real only under the condition
m2 > 0: The case m2 ¼ 0 is excluded, since it gives only an
equilibrium position j ¼ 4 ¼ 0; q ¼ p2: Note also that
a) the condition A ¼ B means that the x; y axes lie in one
of the two circular cross-sections of the ellipsoid of inertia of
the body at the fixed point.
b) the conditions A ¼ B; F ¼ 0 guarantee that F (the the
product of inertia of the body with respect to the x; y axes)
vanishes for any other pair of axes in that plane. Thus,without
loss of generality, we have the freedom to use this indetermi-
nacy to rotate the x; y axes in their plane to satisfy the addi-
tional condition D ¼ 0. This means that we choose the y axis
to be the the principal axis of inertia lying in the circular cross-
section of the inertia ellipsoid. That is themiddle axis of inertia
and it is the line of intersection of the two circular cross-
sections at the fixed point with moment of inertia B.Fig. 1 e a) The configuration at t¼0, bThe final choice of the parameters in (10) becomes
A ¼ B;D ¼ F ¼ 0;
r0 ¼ m2

1;0; E
C

;m ¼ ð0;m2;0Þ
(11)
and the potential of the problem may now be written as
V ¼ m2

 a1 þ ECa3

þ m2b2 (12)3. The configuration
Although the uniform precessional motion is the same as the
one described by Grioli for the case of a single gravity field,
there are great differences in the configuration of the two
fields and in the parameters of the body:
- As seen from (11), the magnetic moment of the body is
directed along the middle principal axis of inertia (y-axis).
- The centre of mass lies in the principal plane orthogonal to
it (xz plane) in the direction inclined to the negative x
axis at an angle
d ¼ tan1E
C
(13)
- The inertia matrix is now
I ¼
0
@ B 0 E0 B 0
E 0 C
1
A
The middle principal moment (the radius of the circular-at t¼T/12, c-at t¼T/4, d-at t¼T/2.
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principal moments by A0 and C0: Those satisfy the relations
A0 þ C0 ¼ Bþ C;
A0C0 ¼ BC E2 (14)
Expressing the angle (13) in terms of the principal mo-
ments we get
d ¼ tan1
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðA0  BÞðB C0Þp
A0  Bþ C0 (15)
This is the same angle as that, obtained by Gulyaev for the
case of Grioli [24, 4], for the inclination of the space axis of
precession to the vertical in the case of motion of a single
gravity field.
Nowwe try to clarify the picture of motion of the bodywith
respect to the space axes. The gravity field is in the negative
direction of the X-axis. The positive half of the X-axis is ver-
tical upwards. The Y-axis is horizontal and aligned in the di-
rection of the magnetic field. The Z-axis is orthogonal to it in
the horizontal plane.
For determinacy we choose the initial moment t0 ¼ 0: From
(7) the x axis is initially aligned along the X axis vertically
upwards, the y axis along the Z axis and the z axis (the
body-axis of rotation) along the magnetic field (negative Y).
The motion of the body is such that the body rotates with
angular velocity U around its z axis while the last precesses
in the vertical XY plane with the same angular velocity. The
motion is periodic with a period
T ¼ 2p
U
¼ 2p
ﬃﬃﬃﬃﬃ
C
m2
s
(16)
Fig. 1 depicts the configuration at four moments of time t ¼
0; T12;
T
4;
T
2: The circular cross-section of the inertia ellipsoid is
represented by the thin (red) circle in the xy plane, while the
thick (blue) circle lying in the XY plane is the locus of the tip
of the z axis. The centre of mass and the magnetic moment
of the body are represented by thick blue and brown line
segments, respectively.r e f e r e n c e s
[1] Euler L. Du mouvemente rotation des corps solides autour
d’un axe variable, 14. Berlin: Histoire de l’Academie Royale
des Sciences; 1758e1765. p. 154e93.
[2] Lagrange JL. Mecanique analitique. 1788. Paris.
[3] Kowalevski S. Sur le probleme de la rotation d’un corps
solide autour d’un point fixe. Acta Math
1889;12(2):177e232.
[4] Leimanis E. The general problem of motion of coupled rigid
bodies about a fixed Point. Springer-Verlag; 1965.
[5] Borisov AV, Mamaev IS. Rigid body dynamics. Izhevsk: NIC
Regular & Chaotic Dynamics; 2001.
[6] Liouville R. Sur le monvement d’un corps solide pesant
suspendu par l’un de ses points. Acta Math 1896;20:239e84.
[7] Husson E. Recherche des integrales algebriques dans le
mouvement d’un solide pesant autour d’un point fixe. Ann
Fac Sci Univ Toulouse 1906;2(8):73e152.
[8] Burgatti P. Demostrazione della non esistenza d’ integrali
algebrici (oltre i noti) nel Problema del moto d’un corpopesante in torno a un punto fisso. Rend Circ Mat Palermo
1910;29:369e77.
[9] Kozlov VV. Methods of qualitative analysis in rigid body
dynamics. Izhevsk: RCD; 2000 [In Russian].
[10] Ziglin SL. Branching of solutions and nonexistence of first
integrals in Hamiltonian mechanics. I, II. Func Anal Appl
1982;16(3):181e9. 17, 6-17(1983).
[11] Ziglin SL. On the nonintegrability in generalized quadratures
of the equations in variations in some problems of dynamics.
Dokl Akad Nauk 2002;386:490e2.
[12] Hess W. Uber die Eulerschen Bewegungsgleichungen und
u¨ber eine neue particulare L€osung des Problems der
Bewegung eines starren K€orpers un einen festen Punkt. Math
Ann 1890;37(2):178e80.
[13] Staude O. Uber permanente Rotationaxen bei der Bewegung
eines schweren K€orpers um einen festen Punkt. reine andew.
Math 1894;113(4):318e34.
[14] Bobylev D. On a certain particular solution of the
differential equations of motion of a heavy rigid body
about a fixed point. Tr Otd Fiz Nauk Obsh Lyubit
Estestvozn 1896;8(No. 2):21e5.
[15] Steklov VA. A certain case of motion of a heavy rigid body
having a fixed point. Tr Otd Fiz Nauk Obsh Lyubit Estestvozn
1896;8(No. 2):19e21.
[16] Steklov VA. New particular solution of differential equations
of motion of a heavy rigid body about a fixed point. Tr Ob-va
estest 1899;1(No. 1):1e3.
[17] Chaplygin SA. A new partial solution of the problem of
motion of a rigid body in a liquid. Tr Otd Fiz Nauk Obsh Lyub
Est 1903;11 7e10.
[18] Goryachev DN. New case of integrability of the Euler
dynamical equations3. Varshav. Univ. Izvest.; 1916.
p. 1e13.
[19] Kowalewski N. Eine neue particulare L€osung der
Differentialgleichungen der Bewegung eines schweren
starren K€orpers um einen festen Punkt. Math Ann
1908;65(4):528e37.
[20] Grioli G. Esistenza e determinazione delle prezessioni
regolari dinamicamente possibili per un solido pesante
asimmetrico. Ann mat. pura appl 1947;26(3e4):271e81.
[21] Dokshevich AI. On a particular solution of the problem of
rotation of a heavy about a fixed point. Doklady USSR
1966;137:1251e2.
[22] Konosevich BI, Pozdnyakovich EV. Two partial solutions of
motion of a rigid body having a fixed point. PMM. J Appl Math
Mech 1968;32:561e5. translation from Prikl. Mat. Mekh. 32,
544-548(1968).
[23] Dokshevich AI. A new partial solution of the problem of
motion of a rigid body about a fixed point. Mekh Tverd Tela
1970. 2.
[24] Gulyaev MP. On a new particular solution of the equations
of motion of a heavy rigid body having one fixed point, 2.
Vestn. Moskov. Univ., Ser. Fiz. Mat. i Estestv. Nauk; 1955.
p. 15e21.
[25] Gorr GV, Maznev AV. Dynamics of the gyrostat with a fixed
Point. Donetsk. DonNU 2010.
[26] Dokshevich AI. Finite-form solutions of the Euler-Poisson
equations. Kiev: Naukova Dumka; 1992.
[27] Yehia HM. Particular integrable cases in rigid body dynamics.
ZAMM 1988;68:33e7.
[28] Yehia HM. New generalizations of all the known integrable
problems in rigid body dynamics. J Phys A Math Gen
1999;32:7565e80.
[29] Brun F. Rotation kring fix punkt. €Ofvers7. Kongl. Svenska
Vetensk Akad. Forhandl; 1893. p. 455e68.
[31] Bogoyavlensky OI. Integrable cases of the dynamics of a rigid
body and integrable systems on the spheres Sn. Math USSR
Izv 1986;27:203e18.
e g y p t i a n j o u rn a l o f b a s i c a n d a p p l i e d s c i e n c e s 2 ( 2 0 1 5 ) 2 0 0e2 0 5 205[32] Bogoyavlensky OI. Euler equations on finite dimensional Lie
algebras arising in physical problems. Com Mun Math Phys
V. 1984;95. P:307e15.
[33] Yehia HM. New integrable cases in the dynamics of rigid
bodies. Mech Res Commun 1986;13:169e72.
[34] Reyman AG, Semenov-Tian-Shansky MA. Lax representation
with a spectral parameter for the Kowalewski top and its
generalizations. Lett Math Phys 1987;14:55e61.
[35] Kharlamov MP. Bifurcation diagrams of the Kowalevski top
in two constant fields. Reg Chaot Dyn 2005;10:381e98.
[36] Kharlamov MP, Savushkin AY. Explicit integration of one
problem of motion of the generalized Kowalevski top. Mech
Res Commun 2005;32:547e52.[37] Kharlamov MP. Separation of variables in one problem of
motion of the generalized Kowalevski top. Mech Res
Commun 2008;35:276e81.
[38] Kharlamov MP. Separation of variables in the generalized 4th
Appelrot class. II. Real solutions. Regul Chaotic Dyn
2009;14:621e34.
[39] Hassan SZ, Kharrat BN, Yehia HM. On the stability of motion
of a gyrostat about a fixed point under the action of non-
symmetric fields. Eur J Mech A/Solids 1999;18:313e8.
[40] Yehia HM. On certain integrable motions of a rigid body
acted upon by gravity and magnetic fields. Int J Nonlin Mech
2001;36:161e3.
